06-720 - Advanced Process Systems Engineering Sprihg, 2011
Homework 5 Due: 3/2/11

1. For the system zy = 1,z € [1/2,2],y € [1/2,2]:

(a) Plot the McCormick relaxation for this problem.,
(b) If the region is partitioned into four with z < 1,2 2 1 and y < 1,y = 1, plot the
resulting regions.
2. Solve the problem max = + v, s.t. 2y < 4, 2 € [0,6], y € [0,4].
3. Consider the following NLP:

Man Xy — Ty — T3 — T1T3 -+ T1Tq + T3 — Taly
s.t. x4z <8

42 To < 12

3r1 + dxy < 12

203 + 24 <8
T3 1 235‘4 § 3
T3 T Ly = D

0 < Ly, L2, L3,L4 ,.<... 10

(a) Apply McCormick convex envelopes and develop the LP lower bounding problems.
Solve the problem to a global solution.

() Verify the solution to this problem by solving it with BARON.
4. Consider the integer programming problem:

mar 1.2y + yo
st. Y+ <l
1.2y + 0.9y, < 1

Vi, Y2 = {G’ 1}

(a) Determine from inspection the solution of the relaxed problem.
(b) Enumerate the four 0-1 combinations in your plot to find the optimal solution.

(¢) Solve the relaxed LP problem by hand and derive Gomory cuts based on the LP relax-
ation. Verify that they cut-off the relaxed LF solution.

(d) Solve the above problem with the branch and bound method by enumerating the nodes
in the tree and solving the LP subproblems with GAMS.
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5. A company is considering to produce a chemical C which can be manufactured with either
process II or process I1I, both of which use as raw material chemical 5. B can be purchased
from another company or else manufactured with process I which uses A as a raw material.

Consider the two following cases:

1. Maximum demand of C is 10 tons/hr with a selling price of $1800/ton.

2. Maximum demand of C is 15 tons/hr; the selling price for the first 10 ton/hr is $1800/ton,
and $1500/ton for the excess. |

Investment and Operating Costs:

Fixed (§/hr) | Variable($/ton raw mat)
Process | 1000 250
Process 11 1500 400
Process 111 2000 550
Prices:

A: $500/ton
B: $950/ton

Conversions:

Process I 90% of A to B
Process I1: 82% of B to C
Process III: 95% of B to C

Maximum supply of A: 16 tons/hr

(Given the specifications above, formulate an MILP model and solve it with GAMS to decide:

(a) Which process to build (II and III are exclusive)?
(b) How to obtain chemical B?
(¢} How much should be produced of product C? The objective is to maximize profit.
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3) Aot Qi

Min [ =x =X, =y =X, + XV, X0, — XY,

st x,+2x, £8 ()
4x, +x, 12 (2)
3x, +4x, £12 (3)
2y, +y, S8 (4)
y,+2y, 58 (5)
Vit Yy, 5 (6)
0<x,x,, 9 +y, £10 (7)

For lower bounds x, = x, = y, = y, = 0 satisfies all constraints.

For upper bounds,

Max  x, "
— x; =3
st (D~ (7)
Max x, U
) e’ Xy = 2
st. O~ o
M
ax  y, . V=4
st (1)—(7)
M )
ax ¥y, _ W=
st. ()~ (7) "

Replace bilinear terms with other variables:

Uy = X ¥, Uy = X1 ¥ Uqgy = Xy Y, Uogy = Xy Vs
Uy < x,y,u (8)

iy, S X; 9, 9)

Uqyy S xzy,U (10)

1y S X3 Y, (i1)

1y, 2 0 - (12)

Uy Z xau}’z '*"xz)"g ""xtuyg (13)

Uy 20 (14)

U . v .U
Uy 2 Xy Yy H XYy — Xy Yy (135)



We solve the final LP,
Min [ =x1—-x2—-yl—ull+ul2 +u2l~ull

S.L.

1) -{53)

The optimal solution is: f*=~13,x, =3,x, =0,y, =4,y, =0
At the optimal solution, all variables are at their bounds, where McCormick convex
envelopes are exact. Thus this is the global solution.



]
Max Z=12y,+Y,
s.1.

i+, s
1.2y, +0.5y, <1

VoV, m051

A
Y2

2

1.2y, +0.5y, <1

. Optimal solution
| R IR of relaxed model

Feasible region

0k)

By inspection, the optimum is the intersection of two lines: y, +y, =1 and
1.2y, +0.5y, =1 whichis y, =5/7=0.72 and y, =2/7 =0.28



‘L})M =0 y2=0 Z=0
yi=0 y2=1 Z=1
yi=1 y2=0 Infeasible
yl=1 y2=1 |Infeasible
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Y1 0 1~

Z

1 0 0 -0.857  -0.285 | -1.142 all negative
Y2 0 0 1 1.714 = -1.428 0.285 | W
Y1 0 1 0 -0.714 1.428 0.714 A
S st N (—..w/

From the last two rows following Gomory cuts are generated,
y,+|1.714]s, +|~1.428 |s, <|0.285 |
y,+8,~-28,<0 |

y,+[-0.714 s, +|1.428 Js, <|0.714 ]
y1 o 51 + 82 <0

At the optimal solution s1=0 and $2=0, so the Gomory cuts become, ¥, <0 and y, <0
which cuts the optimal solution of the relaxed problem y, =0.714 and y, = 0.285 .



798=1.142
y1=0.72
y2=0.28

Infeasible

y1 closest to 0.5

y1=0

Z=1
y1=0
y2=1

Integer solution no
need for more braching
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] s R N
AX§> 1 XZVX4> Xg»C
Xo I Xs
Case I |
Max Profit=-10y, -15y, —20y, +18Xx, ~ (5 + 2.5)x, ~9.5Xx; —4X; —5.5X,
s.t. |
x, ~0.90x, =0
x, —0.82x, =0
x, —~0.95x, =0
X, — Xg — Xg =0
Xg — Xy — Xz =0
X, — X, — X3 =0
X, — 16y1—0
x;, —12.2y, =0
X, —10.6y, =0
Ty, + Y, + ¥, 21
x; <16
x, <10
>0 i=1...9

y;:0,1 j=123

Solution:
Profit = $459.3/hr

x, =13.55 tons/ hr

X, = X, = X, =12.20 tons/ hr
x., = X, =10 tons/ hr

X, = X; = X, =0 tons/ hr

* Select processes I and II to produce chemical C.
* Chemical B is obtained from process I.
* Production rate of chemical C 1s 10 tons/hr.



Case I}
Partition X¢ Into two:
o X, c, =18 x, <10
B 2 2 2
 Xg c; =18 Xq <95

Max Profit = -10y. —15y, — 20y, +18x{ +15x2 — (5 + 2.5)x, — 9.5x, — 4Xx; — 5.5,
s.t.

x, -0.90x, =0
x, —0.82x; =0
x, —0.95x, =0

X, — X; — X; =0
X, + X5 —X, —Xs =0
X, — X, — Xz =10
x,—16y, <0

x, —18.3y, <0

X, —15.8y, <0
1y, +Y,+y; 21
x, <16

x, <10

x; <5

xX; 20 f=1,..9
y, =0, j=12,3

Solution:
Profit = $600/hr

x, =16 tons/ hr

X, = X, = X, =14.4 tons/ hr
X, = X, =13.68 tons/ hr

X, = X, = X, =0 fons/ hr

* Select processes I and I to produce chemical C.
* Chemical B is obtained from process [.
* Production rate of chemical C is 13.68 tons/hr.



