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Multi-scenario optimization is a convenient way to formulate design opti-
mization problems that are tolerant to disturbances and model uncertain-
ties and/or need to operate under a variety of di [erent conditions. Moreover,
this problem class is often an essential tool to deal with semi-infinite prob-
lems. Here we adapt the IPOPT barrier nonlinear programming algorithm to
provide e [cieht parallel solution of multi-scenario problems. The recently de-
veloped object oriented software, IPOPT 3.1, has been specifically designed to
allow specialized linear algebra in order to exploit problem specific structure.
Here, we discuss the high level design principles of IPOPT 3.1 and develop
a parallel Schur complement decomposition approach for large-scale multi-
scenario optimization problems. A large-scale example for contaminant source
inversion in municipal water distribution systems is used to demonstrate the
e [edtiveness of this approach, and parallel results with up to 32 processors
are shown for an optimization problem with over a million variables.

1 Introduction

This study deals with development of specialized nonlinear programming al-
gorithms for large, structured systems. Such problems often arise in the op-
timal design, planning and control of systems described by nonlinear models,
and where the model structure is repeated through the discretization of time,
space or uncertainty distributions. We focus on the important application of
optimal design with unknown information. Here the goal is to incorporate the
e [edts of variable process inputs and uncertain parameters at the design stage.
For general nonlinear models, many approaches rely on the solution of multi-
scenario problems. To develop the multi-scenario formulation, we consider op-
timal design problems with two types of unknown information [13, 15]. First,
we consider uncertainty, i.e., what is not known well. This includes model
parameters (kinetic and transport coe Lciehts, etc.) as well as unmeasured
and unobservable disturbances (e.g., ambient conditions). Second, we could
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also incorporate process variability (process parameters that are subject to
change, but measurable at run time) which can be compensated by operating
variables. Examples of variability include feed flow rates, changing process
conditions, product demands and measured process disturbances.

While nonlinear multi-scenario optimization formulations can be solved di-
rectly with general purpose NLP solvers, the problem size can easily become
intractable with these o [-the-shelf tools. Traditionally, large-scale structured
optimization problems like this one have been handled by specialized prob-
lem level decomposition algorithms. In contrast, this study develops the con-
cept of internal linear decomposition for a particular NLP algorithm, IPOPT.
The dominant computational expense in this algorithm is the solution of a
large linear system at each iteration. With the internal linear decomposition
approach, the fundamental interior point algorithm is not altered, but the
mathematical operations performed by the algorithm are made aware of the
problem structure. Therefore, we can develop decomposition approaches for
these mathematical operations that exploit the induced problem structure,
preserving the desirable convergence properties of the overall NLP algorithm.
Similar concepts have also been advanced by Gondzio and coworkers [9, 10],
primarily for linear, quadratic, and convex programming problems. In this
work, we exploit the structure of large multi-scenario problems with a parallel
Schur complement decomposition strategy and e Lciehtly solve the problems
on a distributed cluster.

In the next section we provide a general statement of the optimal design
problem with uncertainty and variability, along with the derivation of multi-
scenario formulations to deal with this task. Section 3 then reviews Newton-
based barrier methods and discusses their adaptation to multi-scenario prob-
lems. Section 4 presents the high level design of the IPOPT 3.1 software
package and describes how the design enables development of internal lin-
ear decomposition approaches without changes to the fundamental algorithm
code. The parallel Schur complement decomposition is implemented within
this framework. This approach is demonstrated in Section 5 for a source in-
version problem in municipal water networks with uncertain demands. Scaling
results are shown for a parallel implementation of the multi-scenario algorithm
with up to 32 processors. Section 6 then concludes the paper and discusses
areas for future work.

2 Optimization Formulations

Optimal design with unknown information can be posed as a stochastic op-
timization problem that includes varying process parameters and uncertain
model parameters. For generality, we write the optimization problem with
unknown input parameters as:
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min  Egeo[P(d,z,y,0Y,8")
d,z,y

st. h(d,z,y,6",0%) =0, @)
g9(d,z,y,8",8%) < Q]

where Egco is the expected value operator and ©=0Y UG is the space of un-
known parameters, with ©V containing the “variability” parameters that are
measurable at run time and ©Y containing the “uncertainty” parameters. In
addition, d € R"< are the design variables, z € R"= are the control variables,
y € R are the state variables, and models are represented by the inequality
and equality constraints, g : R"¢T"=TNy — RM and h : RNa+N=+Ny RNy,
respectively.

To develop the multi-scenario formulation, we select discrete points from
©. We define index set K for discrete values of the varying process parameters
By € @Y, k € K, and define index set I for discrete values of the uncertain
model parameters, 8 € ©Y, i € |. Both sets of points can be chosen by
performing a quadrature for the expectation operator in (1).

We assume that the control variables z can be used to compensate for
the measured process variability, 6Y, but not the uncertainty associated with
model parameters, 8Y. Thus, the control variables are indexed over k in the
multi-scenario design problem, while the state variables, y, determined by the
equality constraints, are indexed over i and k. With these assumptions, the
multi-scenario design problem is given by:

T 1T 1
5nzlg P =fyd)+ wikFik (d, zk, Yi, 6k, 6;')
o keK i€l
s.t. hik(d,zk,yik,e‘é,eﬁ‘) =0,
gik(d, zx, Yik, 8y, 6') <0

While d~from the solution vector of (2) may provide a reasonable approx-
imation to the solution of (1), additional tests are usually required to ensure
constraint feasibility for all 8 € ©. These feasibility tests require the global
solution of nested optimization problems and remain challenging for general
problem classes. Moreover, they may themselves require the e LCcieht solution
of multi-scenario problems [13, 14]. Detailed discussion of feasibility tests is
beyond the scope of this study and the reader is directed to [5] for further
information.

keK,iel 3]

3 NLP Solution Algorithm

In principle, multi-scenario problems, such as (2), can be solved directly with
general purpose NLP algorithms, but specialized solution approaches are nec-
essary for large problems. SQP-based strategies have been developed that
exploit the structure of these problems [16, 4]. In this study, we present an
improved multi-scenario strategy based on a recently developed, primal-dual
barrier NLP method called IPOPT.
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IPOPT [17] applies a Newton strategy to the optimality conditions that
result from a primal-dual barrier problem, and adopts a novel filter based line
search strategy. Under mild assumptions, the IPOPT algorithm has global and
superlinear convergence properties. Originally developed in FORTRAN, the
IPOPT algorithm was recently redesigned to allow for structure dependent
specialization of the fundamental linear algebra operations. This new package
is implemented in C++ and is freely available through the COIN-OR founda-
tion from the following website: http://projects.coin-or.org/lpopt. The
key step in the IPOPT algorithm is the solution of linear systems derived from
the linearization of the first order optimality conditions (in primal-dual form)
of a barrier subproblem. More information on the algorithm and analysis is
given in [17]. Here, we derive the structured form of these linear systems for
the multi-scenario optimization problem and present a specialized decompo-
sition for their solution.

To simplify the derivation, we consider problem (2) with only a single set
of discrete values for the uncertain parameters, replacing i € I and k € K
with the indices q € Q. This simplification forces a discretization of z over
both of the sets I and K instead of K alone, and constraints can be added
to enforce equality of the z variables across each index of 1. A more e [cieht
nested decomposition approach that recognizes the structure resulting from
the two types of unknown information can be formulated and will be the
subject of future work. By adding appropriate slack variables s;>0 to the
inequalities, and by defining linking variables and equations in each of the
individual scenarios, we write a generalized form of the multi-scenario problem
as:

) —1
[‘(‘q'ﬂ o fa(xq) .
s.t. Cq(Xg) =0, [
SgXq 2> 0, POy Q 3

where x; = [z5 yq Sq dgq] and the Dy, Dq and S, matrices extract suit-
able components of the x4 vector to deal with linking variables and variable
bounds, respectively. If all of the scenarios have the same structures, we can
set S;=---=S|qg;, Dq =[0| 0|0 I]and Dg = I (where | - | indicates the
cardinality of the set). On the other hand, indexing these matrices also allows
scenarios with heterogeneous structures to be used where Dy may not even
be square.

Using a barrier formulation, this problem can be converted to:

_ 1 1 )

min {fa(xq) =1 In[(Sgxq)P1}
a qeqQ i

s.t. Cq(Xq) =0,

Dgxg—Ded=0 9@ @
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where indices j correspond to scalar elements of the vector (Sqxq). Defining
the Lagrange function of the barrier problem (4),

| I | 1 1 .
L(X, A 0,d) = Lq(Xq:Aq,0q,d) = {Lq(Xq,Aq, 0, d) = IN[(Sexg) ]}
[ FQ 1 e ] N
= {fq(%)—H  IN[(SgXq)P]+ cq(%q) " Aq + Dgxq—Dqd = 0g}
qeQ ]

©)
with the multipliers Aq and o4. Defining Gq=diag(SqXq) leads to the primal
dual form of the first order optimality conditions for this equality constrained
problem, written as:

1
Vi, Fa(Xq) + Vix,Cq(Xq)Aq + Dg 0q — Sq Vg =0 =
NI s QO
DgXq — Dgd = 0 %
GgVvqg — e =0
-  Dgog=0
qeQ

where we define e™ =[1,1,...,1]. Writing the Newton step for (6) at iteration
leads to:

1
Vixgxy LgBXq + Vi CiANg + DI A — S§ Avg = —(Vx, L5 Sq Vg E
quclﬁxq = —¢q” B Q
Dg/AXq — DgAd = —Dgx Dgd™ %
VySqXq + GqAvg = pe — Gqvg~

1 1 0
T _ T O
— Dq Agg = Dq Oq
qeqQ aeQ

where the superscript indicates that the quantity is evaluated at the point
(X NG o4V dD. Eliminating Avg from the resulting linear equation gives
the primal-dual augmented system

- (-
HgAXq + Vi, CiAN + D Acy = — Vi, Ly 1
Do qu%%gg _ _%D By T ©
q qu:ql— = _Iﬁlx q
T — T 1
- Dy Aogg = Dq 0q
aeQ Qe

where Hi= Vi x, L7+Sq (Gg) 'V, Sy, and Vg = diag(vg).

According to the IPOPT algorithm [17], the linear system (8) is modified
as necessary by adding diagonal terms. Diagonal elements are added to the
block Hessian terms in the augmented system to handle nonconvexities and to
the lower right corner in each block to handle temporary dependencies in the
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constraints. The linear system (8), with these modifications, can be written
with a block bordered diagonal (arrowhead) structure given by:

1 I CaC3 .1
W, Ay u; r
W A Hp
W3 As H
. S - ©)
Wn AN by
A-lr A-Qr A}:---AL 011 Ad rq

where ] = —[(Vi, LT, (€7, (Dgxi= DgdY'], ul = [AX] AN Ag],
Al =[00 — D[],

1
HiF8,1 Vx,cl7 D]
Dy 0 -3l

forgeQandra= g Dg 047

The IPOPT algorithm requires the solution of the augmented system (9),
at each iteration. IPOPT also requires the inertia (the number of positive
and negative eigenvalues), limiting the available linear solvers that can be
used e Lciehtly. Conceptually, (9) can be solved with any serial direct linear
solver configured with IPOPT. However, as the problem size grows the time
and memory requirements can make this approach intractable. Instead, ap-
plying a Schur complement decomposition allows an e [cieht parallel solution
technique.

Eliminating each Wy from (9) we get the following expression for Ad,

1 —1
I:TI . I:TI .
L -  Af(Wo) 'ALAd=rg—  AJ(Wy)'rg (10)
e 9eQ
which requires forming the Schur complement, B = ;1 — 4eQ Ag (Wq) A,

and solving this dense symmetric linear system for Ad. Once a value for Ad is
known, the remaining variables can be found by solving the following system,

Wyl = rq — AgAd (11)

for each g € Q. This approach is formally described by the following algorithm.
1 1

1
1. Form the Schur-Complement, B=L3:d —  Aj (W) 'Aq L]
aeQ
initialize B=9o,1
for each period q € Q
for each column j=1..M of A,
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Solve the linear system Wqp; = Ag3> for p;
Add to column j of the Schur Complement, B<I==B<}=—ATp;

1
2. Solve the Schur complement system, BAd=rq— Ag (Wq)‘qu, for Ad

o 9eQ
initialize r=ry
for each period g € Q

Solve the linear system, Wqp = rq for p

Add to the right hand side, T =T — Al p
Solve the dense linear system, BAd = r for Ad

3. Solve for remaining variables
for each period g € Q
Solve the linear system, Wquq = rq—AqAd for ug

This decomposition strategy applies specifically to the solution of the aug-
mented system within the overall IPOPT algorithm and simply replaces the
default linear solver. The sequence of steps in the overall IPOPT algorithm
are not altered, and as such, this specialized strategy inherits all of the con-
vergence properties of the IPOPT algorithm for general purpose nonlinear
programs [17]. As discussed in [17], the method is globally and superlinearly
convergent under mild assumptions.

Furthermore, this decomposition strategy is straightforward to parallelize
with excellent scaling properties. Let N=|Q|, the number of scenarios, and
M =dim(d), the number of common or design variables in the problem. The
number of linear solves of the W, blocks required by the decomposition ap-
proach is N - M + 2N. If the number of available processors in a distributed
cluster is equal to N (one processor for each scenario), then the number of
linear solves required by each processor is only M + 2, independent of the
number of scenarios. This implies an approach that scales well with the num-
ber of scenarios. As we increase the number of scenarios under consideration,
the cost of the linear solve remains fairly constant (with minimal communi-
cation overhead) as long as an additional processor is available for each new
scenario. More importantly, the memory required on each processor is also
nearly constant, allowing us to expand the number of scenarios and, using
a large distributed cluster, move beyond the memory limitation of a stan-
dard single processor machine. The e [cieht use of a distributed cluster to
solve large problems that were previously not possible with a single standard
machine is a major driving force of this work.

4 Implementation of Internal Linear Decomposition

The Schur Complement algorithm described above is well-known. Neverthe-
less, the implementation of this linear decomposition in most existing NLP
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software requires a nontrivial modification of the code. In many numerical
codes, the particular data structures used for storing vectors and matrices are
exposed to the fundamental algorithm code. With this design it is straightfor-
ward to perform any necessary mathematical operations e Lciehtly within the
algorithm code. However, changing the underlying data representation (e.g.
storing a vector in block form across a distributed cluster instead of storing
it as a dense array) requires that the algorithm code be altered every place
it has access to the individual elements of these vectors or matrices. Develop-
ing algorithms that exploit problem specific structure through internal linear
decomposition requires the use of e [cieht (and possibly distributed) data
structures that inherently represent the structure of the problem. As well, it
requries the implementation of mathematical operations that can e [ciehtly
exploit this structure. If the fundamental algorithm code is intimately aware
of the underlying data representation (primarily of vectors and matrices) then
altering that representation for a particular problem structure can require a
significant refactoring of the code.

In the recent redesign of IPOPT, special care was taken to separate the
fundamental algorithm code from the underlying data representations. The
high level structure of IPOPT is described in Figure 1. The fundamental
algorithm code communicates with the problem specification through a well-
defined NLP interface. Moreover, the fundamental algorithm code is never
allowed access to individual elements in vectors or matrices and is purposely
unaware of the underlying data structures within these objects. It can only
perform operations on these objects through various linear algebra interfaces.
While the algorithm is independent of the underlying data structure, the NLP
implementation needs to have access to the internal representation so it can fill
the necessary data (e.g. specify the values of Jacobian entries). Therefore, the
NLP implementation is aware of the particular linear algebra implementation,
but only returns interface pointers to the fundamental algorithm code. The
IPOPT package comes with a default linear algebra representation (using
dense arrays for vectors and a sparse structure for matrices) and a default set
of NLP interfaces. However, this design allows the data representations and
mathematical operations to be modified for a particular problem structure
without changes to the fundamental algorithm code. Similar ideas have also
been used in the design of reduced-space SQP codes, particularly for problems
constrained by partial di Cerential equations [1, 2, 3].

In this work, we tested the redesigned IPOPT framework by implementing
the Schur complement decomposition approach for the multi-scenario design
problem. This implementation makes use of the Message Passing Interface
(MPI) to allow parallel execution on a distributed cluster. The implemen-
tation uses the composite design pattern and implements a composite NLP
that forms the overall multi-scenario problem by combining individual spec-
ifications for each scenario. This implementation has also been interfaced to
AMPL [8], allowing the entire problem to be specified using individual AMPL
models for each scenario and AMPL su [xed to describe the connectivity (im-
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ittt IPOPT Package ----------------------
E NLP Fundamental Linear Algebra :
' Interfaces Algorithm Code Interfaces :
E Default NLP .| Default Lin. Alg. E
! Implementation "| Implementation !
Specialized Specialized
Structured NLP » Linear Algebra
Implementation Implementation

Fig. 1. Redesigned IPOPT structure, allowing for specialized linear algebra

plicitly defining the Dq, Dq, and Sq matrices). This allows the formulation of
large multi-scenario problems with relative ease. Furthermore, when solving
the problem in parallel, each processor only evaluates functions for its own sce-
narios, allowing distribution of data and parallelization of these computations
across processors.

Parallel implementations for vectors and matrices have also been devel-
oped that distribute individual blocks across processors. All the necessary
vector operations (e.g. BLAS operations, etc.) have been implemented for ef-
ficient calculation in parallel. Finally, a distributed solver has been written for
the augmented system that uses a parallel version of the algorithm described
in the previous section. This distributed solver uses a separate linear solver
instance for the solution of each of the Wy blocks (and can use any of the
linear solvers already interfaced with IPOPT). This separation allows solu-
tion of heterogeneous multi-scenario problems where the individual scenarios
may have dilerknt structures. Finally, the distributed solver calls LAPACK
routines for the dense linear solve of the Schur complement.

5 Source Detection Application and Results

To illustrate these concepts on a large-scale application, we consider the deter-
mination of contamination sources in large municipal water distribution sys-
tems. Models for these can be represented by a network where edges represent
pipes, pumps, or valves, and nodes represent junctions, tanks, or reservoirs.
Assuming that contaminant can be injected at any network node, the goal of
this source inversion approach is to use information from a limited number of
sensors to calculate injection times and locations. Identifying the contamina-
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tion source enables security or utilities personnel to stop the contamination
and propose e [edtive containment and cleanup strategies.

This problem can be formulated as a dynamic optimization problem which
seeks to find the unknown injection profiles (at every network node) that min-
imize the least-squares error between the measured and calculated network
concentrations. For the water quality model, the pipes are modeled with par-
tial di Lerential equations in time and space, and the network nodes are mod-
eled with dynamic mass balances that assume complete mixing. This produces
an infinite dimensional optimization problem that can be discretized to form
a large-scale algebraic problem. A naive approach requires a discretization in
both time and space due to the constraints from the pipe model. Instead,
following the common assumption of plug flow in the main distribution lines,
we developed an origin tracking algorithm which uses the network flow values
to precalculate the time delays across each of the network pipes. This leads to
a set of algebraic expressions that describe the time-dependent relationship
between the ends of each of the pipes. The discretized dynamic optimiza-
tion problem was solved using IPOPT [17]. This large scale problem had over
210000 variables and 45000 degrees of freedom. Nevertheless, solutions were
possible in under 2 CPU minutes on a 1.8 GHz Pentium 4 machine and the
approach was very successful at determining the contamination source [11].
Furthermore, the approach has been extended to address very large networks
by formulating the problem on a small window or subdomain of the entire
network [12].

In previous work, we assumed that the network flows were known. In
this work, we assume that the network flows are not known exactly, but can
only be loosely characterized based on a demand generation model. Following
the approach of Buchberger and coworkers, we use the PRPSym software
[6, 7], to generate reasonable residential water demands. Varying parameters
in the Poisson Rectangular Pulse (PRP) model allows us to generate numerous
scenarios for the water demands. To account for uncertain water demands in
the source inversion, we formulate a multi-scenario problem over a set of
possible flow scenarios as,

0 1
H _ _ M AT
pq,crgmq,rﬁ [Cq CI? Qq [Cq CLTJ_'- |Q| mq ma
e -
s.it.  ¢q(Pg,Cq,Mg) =0, [1
mq > 0, Q (12)
mg—m=0 A

where g € Q represents the set of possible realizations or scenarios, c~are the
measured concentrations at the sensor nodes (a subset of the entire domain),
cq and mq are the vectors of calculated concentrations and injection variables
for scenario g at each of the nodes (both discretized over all nodes in the
subdomain and all timesteps). The vector of pipe inlet and outlet concentra-
tions for scenario q are given by py and are discretized over all pipes in the
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subdomain and all timesteps. The weighting matrix Qg and the discretized
model equations ¢q(pq, Cq, Mq) are discussed in more detail in previous publi-
cations [11, 12]. The variables m are the aggregated injection profiles that are
common across each of the scenarios.

To demonstrate the multi-scenario decompaosition approach on this prob-
lem, we selected a real municipal network model with 400 nodes and 50 ran-
domly placed sensors. We then restricted ourselves to a 100 node subdomain
of this model. Three variable parameters in the PRP model were assumed to
be unknown, but with reasonable bounds shown in Table 1. Assuming uniform

Uncertain Parameter Lower Bound|{Upper Bound
Avg. Demand Duration (min) 0.5 2.0
Avg. Demand Intensity (gpm) 1.0 4.0

Total Base Demand (gpm) 500 700

Table 1. Range of parameters used in the PRP model in order to generate reason-
able flow patterns for the distribution system. Di [erknt scenarios were formulated by
randomly selecting values assuming uniform distributions. The total base demand
is the sum of the base demands over all the nodes in the network.

distributions for the PRP parameters, random values were used to produce the
“true” water demands and 32 diLerknt possible realizations of the uncertain
water demands. Using the “true” demands, a pulse contamination injection
was simulated from one of the nodes in the network to generate time profiles
for the concentration measurements. Hydraulic simulations were performed
for each of the 32 realizations to calculate the network flows. We formulate
the optimization problem with a 6 hour time horizon and 5 minute integration
timesteps. This generates an individual scenario with 36168 variables. Across
scenarios, we aggregate the common variables and discretize m over 1 hour
timesteps. This gives 600 commmon variables, one for each node across each
of the 6 aggregate time discretizations.

We then test the scalability of our parallel decomposition implementation
by formulating multi-scenario optimization problems with 2 to 32 scenarios
and solve the problems using 16 nodes of our in-house Beowulf cluster. Each
node has 1.5 GB of RAM and dual 1 GHz processors. Timing results for these
runs are shown in Figure 2 where the number of scenarios is shown on the
abscissa, and the wall clock time (in seconds) is shown on the left ordinate. It
is important to note that for each additional scenario, an additional processor
was used (i.e. 2 processors were used for the 2 scenario formulation and 16 for
the 16 scenario formulation, etc). The right ordinate shows the total number
of variables in the problem.

The timing results for 2 to 16 processors show nearly perfect scaleup where
the additional time required as we add scenarios (and processors) is minimal
(the same is true from 17 to 32 scenarios). Tests were performed on a 16
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Fig. 2. Timing Results for the Multi-Scenario Problem with 600 Common Variables:
This figure shows the scalability results of the parallel interior-point implementation
on the multi-scenario problem. The number of processors used was equal to the
number of scenarios in the formulation. The total number of variables in the problem
are shown with the secondary axis.

node cluster and the jump in time as we switch from 16 to 17 scenarios
corresponds to the point where both processors on a single machine were
first utilized. When two processors on the same machine are each forming
their own local contribution to the Schur complement, the process appears
to be limited by the memory bandwidth of the dual processor machine. This
observation, coupled with the scaleup results in Figure 2, demonstrates that
the approach scales well and remains e[edtive as we increase the number
of nodes and scenarios. Furthermore, it implies that the distributed cluster
model is appropriate for this problem and that the scaling of communication
overhead is quite reasonable.

6 Conclusions

This study deals with the formulation and e [cieht solution of multi-scenario
optimization problems that often arise in the optimal design of systems with
unknown information. Discretizing the uncertainty sets leads to large multi-
scenario optimization problems, often with few common variables. For the
solution of these problems we consider the barrier NLP algorithm, IPOPT, and
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have developed an e [cieht parallel Schur complement approach that exploits
the block bordered structure of the KKT matrix.

The formulation and implementation is demonstrated on a large-scale
multi-scenario problem with over 30000 variables in each block and 600 com-
mon variables linking the blocks. Testing up to 32 scenarios, we observe nearly
perfect scaleup with additional scenarios using a distributed Beowulf cluster.

Furthermore, this implementation is easily facilitated by the software
structure of the redesigned IPOPT code, because of the separation of the
fundamental algorithm code and the linear algebra code. The MPI implemen-
tation of the parallel Schur complement solver and the parallel vector and
matrix classes are possible without any changes to the fundamental algorithm
code.

Finally, this implementation has been interfaced with the AMPL [8] model-
ing language to allow straightforward specification of the multi-scenario prob-
lem. Individual scenarios can be specified as AMPL models of their own, with
the connectivity described using AMPL su [xed. This easily allows the devel-
opment of both homogeneous and heterogeneous problem formulations.

The decomposition presented in this work was formulated using a single
discretized set for the unknown parameters. A formulation which explicitly in-
cludes both forms of unknown information, uncertainty and variability, leads
to a nested block bordered structure in the KKT system. Developing a recur-
sive decomposition strategy for problems of this type will be the subject of
future work.

Also, while the motivation for this work was the multi-scenario optimiza-
tion problem arising from design under uncertainty, other problems produce
similar KKT systems. Large-scale nonlinear parameter estimation problems
have a similar structure with an optimization of large models over many data
sets where the unknown parameters are the common variables. This problem
and others are excellent candidates for this solution approach.
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