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Abstract

A su cient condition for robust stability of nonlinear cons trained Model Predictive
Control (MPC) with respect to plant/model mismatch is deriv ed. This work is an
extension of a previous study on the unconstrained nonlineaMPC problem, and is
based on Nonlinear Programming sensitivity concepts. It adiresses the discrete time
state feedback problem with all states measured. A strategyo estimate bounds on
the plant/model mismatch is proposed, that can be used o -line as a tool to assess
the extent of model mismatch that can be tolerated to guarante robust stability.
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1 Introduction

A prominent aspect of the research in the nonlinear Model Pdéctive Control
(MPC) eld is the development of a theoretical analysis frarawork to study
the stability and robustness properties of the closed looystem in the pres-
ence of disturbances and modeling errors. A broad review byayhe et al. [1]
on constrained MPC points out that while research on stabtly has reached a
relatively mature stage, further research is required to delop implementable
robust MPC for nonlinear systems.
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In this work we develop a framework that can be used to evaluato -line,
the closed-loop robustness of a system with constrained MR&the presence
of plant/model mismatch. It is a direct extension of a previas work on the
unconstrained case by Santos and Biegler [2] for the disaestate feedback
problem. Both the plant and model are simulated using nonlgar state space
models.

The paper is organized as follows. Section 2 is devoted to lpm@nary de ni-
tions and assumptions on the modeling errors, and to a brieédcription of the
MPC problem. In Section 3, we analyze the convergence of thgtional control
problem solution for both the perfect and model mismatch cas, by exploit-
ing the properties of the exact penalty function, and we esldish a su cient
condition for robust stability. In Section 4, using nonlinar programming sensi-
tivity concepts, we characterize this su cient condition for the MPC problem
with a general cost function. We further detail this charaatrization for the
case of a quadratic cost function, and we obtain a bound on theant/model
uncertainty. This bound can be estimated through o -line c&ulations using
a procedure that constitutes a tool to analyze robust stabty for constrained
MPC. These results are illustrated in Section 5 with a simplexample. Finally,
concluding remarks regarding the analysis of conditionsrfeobust stability of
MPC in the presence of plant/model mismatch are given in Sdon 6.

2 De nitions and notation

For this study we treat only the state feedback case and asserthat at every
time index k all the states can be measured accurately. We assume the stat
dynamics of the plant are described by the following nonlie, continuous-
time set of equations:

X" = fP(x*;u); (1)

wherex? 2 R"s is the vector of states andu® 2 R"™ is the vector of inputs,
with fP:R" RM™ 1 R,

The stationary discrete-time counterpart of (1) is
Xier = TP 6XEUR) S (2)

where t is the sampling period and® : R"s R"» I R"s, We will drop the
t for convenience. A model with the same dimension as (2) is cmhered for
the MPC framework:
X1 = F (X3 Uk); (3)
wherex, 2 R"s is the vector ofnominal states, uy is the same vector of inputs
asin (2), withf : R"s R" I R"s. We consider &}; uy) = ( Xk; Ux) = (0;0)



the point at which both the plant and the model operate at stedy state, such
that f (0;0) = f°(0;0) = 0.

As in Keerthi and Gilbert [3] we also apply the de nition of a fuinction belong-
ing to classK; , along with related assumptions. A functionW(r) : R, !
R4+, r 2 R,, belongs to clasK; if: a)it is continuous; b)W(r)=0, r =0;
c)it is nondecreasing; djV(r) ' 1 whenr 'l . We de nek k as the Eu-
clidean norm and assume there exists a modeling bound furmtiW,, kxk 2
K1 such that

fPxpup)  f(xcu) Wi kxek (4)

and positive constantsK ,, and such that

Wi kxk = Ky kxgk (5)

The MPC problem minimizes

i*)@ 1
( Xi;si) = h(Xk; Uk) + h(Xi+p) ; (6)
k=i

where : R"s R" 1 R, (0 ;0)=0.Hereh(x;u) 2K, is a general cost
function, x; is the initial state vector at the time indexi,i 0, ands; is the
solution vector over the predictive horizon, given by

s/

- T T T . L T T . —-N-1- A
- Si Si+1 Si+p ! where Si+k_ Xi+k ui+k ’ k—O,l, P (7)

This formulation allows a shorter input horizonm, with m  p and ux =

problem are the control pro les. In the optimization frameveork used in this
study the state pro les are decision variables as well. It @s a multiple shoot-
ing method to solve (3) over the predictive horizon [4,5]. &te and control
constraints over this horizon are included in the MPC formution, set as
lower and upper bounds { subscripts and , {,

2 3
Xk Xy
bx)=4 ¢ U o (8)
Xk T X_k
with k=1i+1;:::;i+ p, and
2 3
U Uy
hu)=9 5 o 9)
U + Uk
with k = i;:::;i + m 1. We de ne the vector of inequality constraints of the



problem ati as
b(si)" = b(xix1)T  B(Xisp 1)T BW)T B(Uiem )T (10)

Finally, we impose terminal state constraintx;,, = 0, or if we allow p!1
then this constraint is automatically satis ed for a nite value of (6).

We denote byP(x;) the MPC problem solved at every time indexi, i O,
given by

min ( Xxi;si) (11)
st: c(Xi;si)=0 (12)
b(si) O; (13)

where 2 3

Xk+ f(xoue) ;s k=000 + 1

C(Xi;Si):g K+l (Xk; Ui) p .
Xi+p

with optional constraints added for a shorter input horizonm  p. We assume
in this analysis that s; is a feasible solution for (11{13) and that there exists
a su ciently long (and possibly in nite) horizon that insur es an admissible
trajectory to satisfy the terminal state constraints and (B).

3 Stability analysis

To extend the analysis made for the unconstrained case by $asand Biegler
[2] to (11 { 13) we use an exact penalty formulation as develed by Oliveira
and Biegler [6]. This approach converts (11 { 13) to the probBm P (x;):

min ( xi;si; ) (14)
st: ¢(Xi;si)=0; (15)
with ( Xi;si; i) = ( Xi;si) + P(si; i); (16)
R" R™ 1 R, (0 ;0;0) =0, where
i 1 n 0 i+ 1 n 03
P(si; )= i 4 max 0;b(xx) + max 0;b(ux) > ; (7)
k=i+1 k=i

and ; is the penalty parameter. We remark thatP(s;; ;) is bounded from
below by zero as well. An important property that motivates he use of the
exact penalty function, is that a su cient condition to recover the original
optimal constrained solution,s;, is to have a nite penalty parameter with



i > k!, ky , where!; is the vector of the Lagrange multipliers associated to
the inequality constraints from the original problem [7]. Thus this condition
on ; ensures that the control and state proles do not exceed theegion
delimited by (8) and (9) overp. We will assume that the parameter ; can be
chosen in advance to be su ciently large, i. e.,

n o

max ; : (18)

Note that if ; cannot be bounded, thenP (x;) has no feasible solution. Of
course, feasible solutions d? (x;) cannot be guaranteed and for this reason, a
'reasonable’ value can be chosen forso that solutions ofP (x;) can be con-
sidered even if they cannot always satisfy the bound consinés. To simplify
the notation we set

X)) = ( Xxi;si: ): (29)
3.1 Perfect model case

The essence of our stability analysis follows from famili@rguments developed
by Rawlings and Muske [8]. We rst consider the case where thmodel is

perfect and there is no source of disturbances. From the assgotions stated in

Section 2, the solution ofP (x;) satis es (Xx;ux) =(0;0) fork i+ p. Hence
the locally optimal solution gives

iw 1
(xi) = h(x,; u) + h(x;
k=i |—fg—

|+p2 + P(si; ) (20)

Note that we assume the point Xi; uy) = ( Xk; ux) = (0;0) is within the state
and control bound constraints.

Consider now the problem at the next time indexP (X;.+1). Because the model
is perfect and there is no source of disturbances, the resay optimal sequence
of P (x;) is a feasible solution forP (x;+;). Moreover, the objective function
at the solution of P (Xj+1) can be no greater than the solutionP (x;); the
solution of P (Xxj+1) can not be worse because now the terminal constraint is
only enforced one interval ahead. Therefore

(Xi) (Xi+1)  h(xi;u; )5 (21)
where
n (0]

h(xi;u;; )= h(xj;u)+ max O;b(x;) + maan; b(ui)O: (22)

Note also that h(x;;u;; ) 2 K, . Thus the sequencd (x;)g over N time
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Figure 1. Plant/model state trajectory mismatch.

indices decreases, and because (6) and (17) are bounded flwatow by zero
it converges. Taking the sum of (21) oveN we obtain

X X
(x1)  (Xn+1) = (xi)  (Xis1) hixi;u; ) (23)

i=1 i=1

Also, becausd (x;)g is decreasing, thena®N !'1 | h(x;;u;; )! 0 and
xj! O.

3.2 Model mismatch case

Consider now the case with plant/model mismatch. Again, symse that the
solution of P (x;) gives (20). Now to obtain the solution of the problem at
time index i + 1 there are available two initial state conditions to solve(3).

One is the prediction made at time indexi for i + 1, X;+; from (20), and

the other one is de ned by the state measurements at+ 1, Xjs; from (2).

This leads to two MPC problems we denote here bR (Xi+1) and P (Xj+1),

respectively. Note that both problems are solved with the sae model (3),
and the di erence between their solutions re ects the degeeof plant/model

mismatch { Figure 1:

P (Xi+1) {using and x.1, we obtain:

ik p
(Xi+1) = h(Xk;uk) + h(xi+p+1} + I:)(Si+1; ): (24)
k=i+1 | —{z—
=0
From the perfect model case we assume thatis large enough in order to
obtain feasible solutions toP (X;.+;) if they exist. Thus the arguments for
the perfect model case are also valid for this case.



P (xi+1) {using andx;.;, we obtain:

P
(Xi+1) = h(Xi; ue) + lh(xi{+zp+1} + P(Siyg; ): (25)

k=i+1 — =
=0

Sincexi;; can be di erent from X;.+;, we may not haveP(s,,,; ) =0.

3.2.1 Su cient condition for robust stability

To account for the existence of mismatch we consider the atidn and sub-
traction of  (Xj+1) to the dierence  (X;) (Xi+1)s

(Xi) (Xij+1) = (Xi) (Xi+1) (Xi+1) (Xi+1) - (26)

The term  (X;) (Xi+1) represents the dierence between the optimal
objective functions as in (21). Thus it follows that

(Xi) (Xix1)  h(xi;u5 ) (Xi+1) (Xi+1) - (27)

To ensure a closed loop stable system, we force the right hasiie to be
bounded by a positive functionW kxik of classK; . This ensures that the

sequencd  (X;)g is decreasing, that is,
h(xi;ui; ) (Xi+1) (Xi+1) W kxik ; (28)

with W kxijk ! 0 askxjk! O, foralli,i 0. The dierence (Xj+1)
(Xi+1) is a measure of the plant/model mismatch and henceforth weilv
refer to it as the mismatch term

4  The mismatch term

To characterize the mismatch term we start by invoking the man value the-
orem to derive an expression for the mismatch term as a funeti of the dif-
ference between the two problem solutions. Then we considee optimality
conditions of both problems to derive a bound on the mismatcterm, which
leads to a su cient condition for closed loop stability unde the presence of
plant/model mismatch.



4.1 Preliminaries

First of all, we assume that a value of can be chosen that is su ciently large.
By invoking the mean value theorem it follows that

(Xi+1) (Xi+1) =
z ,( q »)

Xzt + (Xis1  Xis1) (Xi+1  Xi+1)d @ (29)

0 dXi+1

This is done assuming (16) is di erentiable. However, becaa of the exact
penalty terms it is not. To overcome this we apply a smoothingunction from
Balakrishna and Biegler [9] to every element of (17); e.ggrfa scalarx,

q__
maan;ux)o o ) = b(x) + ;(x)2+ 2 0)
with small > 0. Henceforth (16) is replaced by
( xissi; o5 )= ( xizsi) + P(si; 05 ), (31)

which is continuous and at least twice di erentiable with repect to (7). For
the forthcoming developments it is convenient to keep notain (19), and to
denek=1;:::;p:

2 3
X'+ X'+
“irk T Sisk Sirk =g v (32)
Uik Uisk
From (6), (30), (31) and (32), (29) becomes
X Z1 .
(Xi+1) (Xis1) = o M s NSt " s ) ek d (33)
k=1

4.2 Derivation of a bound on the mismatch term

We start by considering the optimality conditions of problen P (xi+1). The
Lagrangian for this problem isL(Si+1; )= ( Xj+1)+ T ¢(Xij+1;Si+1), Where
is the Lagrange multiplier vector. The optimality conditions are:

3
ﬁr s (Xisr)+r SC(Xi+1;Si+1)T &Z,:O:

C(Xi+l 1 Si+1 )

(34)



We also assume that sc(xj+1;S;.;) has full row rank and we de ne a basis,
Z, for the null space of this matrix, i.e.,r sC(Xj+1;S;4;) Z = 0. By tak-
ing the projection of r s (Xj+1) + 1 sC(Xi+1;Si+1)"  on the null space of
I sC(Xi+1;Sj+1 ), (34) becomes
2 3
SZT rs (Xi+1)g:0.

C(Xi+1;Si41)

(35)

Thus proceeding as in the unconstrained case study by Santmsd Biegler [2]
we derive a bound for stability on the mismatch term,

(Xi+1) (Xi+1)
Z 1

r Si+kh(si+1 N )T d W kxik ; (36)
k=1 O
that provides a su cient stability condition for a general cost function h(x; u),
where is derived from sensitivity information from (35) (see Appendix A).

4.3 Constrained MPC with quadratic function and nite horion

Typically, in MPC formulations (6) is de ned with
h(si+k) = SiT+in+kSi+k; (37)

where Q;+ k = diagf Qyi+k; Qui+kd; and Qyi+k 2 R" " and Qi+ 2 R Mm
are diagonal matrices corresponding to the state and inputeighting matrices
at predictive horizon time indexi + k, respectively. From (37), the analytical
form of the integral term in (36) is (see Appendix B)
Z,
0 Mo NSkt "o s )Td =

T
28+ "uk Qiskt T sGive  (38)
wherer s, ;"i+«; denotes a vector whose elements are nonlinear functions

of s, , "i+x and . Following the same developments as in Santos and Biegler
[2] we obtain

(Xi(+1) (Xi+1)

xP
28, t "k Qisk t S T T W kxik

(39)

k=1



We assume there are positive constant3, ; and ,, such thatforalli 0
andk p

S TR 1 2S5, t o2 Mk (40)
and Q. Q. Moreover, sinces;, ,, k=1;:::;p, depends orx;, we set
2s,,. RKkxk; (41)

whereK is a positive constant. From (5), with =1 (see [2]),
ek W, kxik K mkxik; (42)
for everyk, k  p. Finally, substituting (40), (41) and (42) in (39) leads to
(Xi+1) (xis1)  Kpgkxik?; (43)

where
Ke=p K+ Kn Q+ (1K+ 5 Kn) Kun: (44)

Note that the rst term of the sum on the right hand side of (44)is the
expression ofKg obtained for the unconstrained case [2]. Therefore, when
there are no active constraints = 0 and (43) is equal to the unconstrained
case su cient stability bound. Also, from (28) and (43) it follows that

hoasus ) () () hOGiw)  Ke kgk? = Wokxk : (45)

Suppose thatQy; = I and Qu; = I, with constants , > 0and , O.
Becauseu; is an implicit function of x; we can writeku, k> =  kx;k?, > 0.
Thus

h(xi;u) = X' X+ U
:( xt oy )kxik2 (46)

For a givenx;, with no active constraints, and with , = 0, from (45) it follows
that Kg <  to satisfy the su cient condition for stability. When 6 0O,
this condition is relaxed to

K< y+ o4 : (47)
4.4 A tool to analyze robust stability

Because in (47) depends on the optimization problem solution it is impos-
sible to know a priori Kg. In Section 5 we illustrate thatKg < , provides
a conservative su cient condition for stability. In any case, when constraint
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violations occur a tighter value of the su cient stability c ondition for the con-
strained caseKg, can be estimated by exploiting the state-space region of
interest from

(Xj+1) (Xj+1)
K max X 48
B Xi kXi kZ ( )
This procedure involves the calculation o -line oK g according to the follow-
ing cycle:

1 For a givenx;, i 0, perform the following steps:
2 SolveP (X); saveXi41 .
3 Implementu; and seti = i + 1.

i Using Xj+1, solveP (Xj;+1) to obtain  (Xj+1).
il Using Xj+1, solveP (Xj+1) to obtain  (Xj+1).
lii Go to 1 and repeat steps with new values of;.

Therefore for a nonzero; we can compute a lower bound foK g.

5 lllustrative example

Consider an exothermic zero-order reaction system, !A B, with concentra-
tion and temperature dynamics described by

dC F -

5 =y Ca Ca) koe BRI, (49)
ar, _ 1 .

v Lva( Qr + Qq); (50)

where QR is the rate of heat removal andQg is the rate of heat generated by
the reaction, given by

Qr= CpFo(To T)+UA(T T); (51)
Qs=( H)V ke BRM: (52)

The steady state operating conditions { except fo€, whose value is an initial
condition { and parameter values for this case study are giwen Table 1. Since
the reaction kinetic is of zero order the evolution of; is independent from
the evolution of C5. Note that (52) does not depend orC,. This nonlinear
system is open loop unstable under certain operating condihs. Figure 2
shows the reactor temperature open loop response for di ettenitial reactor

temperature conditions {T,.; = 33, 34 and 35 C. Clearly, for T,.; > 34 C,

the system is open loop unstable. A more detailed descriptiomf this system
can be found in Santos [5].
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Table 1
Steady state operating conditions and model parameters.

A heat transfer area 0.623 M
Ca concentration of component A 10.0 maotH
Cao inlet concentration of A 10.0 mol=
Cp heat capacity of the reactor liquid 4184. Fkg K
Es=R activation energy over R 10080. K
Fo feed ow rate 4.00 [=min
Ko Arrhenius constant 6:20 10" mol=m3s
T coolant temperature 34.0 C
T, reactor temperature 34.0 C
To feed temperature 111 C
U overall heat transfer coe cient 300 W =m?K
reactor liquid volume 0.0551 e

( Hy) heat of reaction 33488. Fmol

L density of the reactor liquid 1000. kgem®

5.1 Testing for the su cient stability condition

The control objective is to control T, { the set-point is T;s, = 34 C { by

manipulating the cooling uid temperature T; subject to the operating con-
straints T, 0 C and T, 15 C. To satisfy these constraints the control
problems are solved using (16) with = 1000. We set ( x; ) = (1;0), pre-

dictive horizons (p;m) = (25;1) and t = 0:5min. The steady state data Tj,

T, and Ty in Table 1) satisfy the assumption in Section 2 that { using d@a-

tion variables { (xk; ux) = (0;0) is the point at which both the plant and the
model operate at steady state. We emphasize that this assutign is satis ed

for all the cases of plant/model mismatch discussed below.

To test for the su cient stability condition parametric mod el mismatch on the
overall heat transfer coe cient is considered. Figure 3 shws the variation of
Kg with T,; varying in the operating region of interest, from 24 to 44C, and
for various model mismatches otJ:

Uy = 100; 200300400 and 500 Wm?K :

The true plant value is U, = 300 W=m?K. Each dot in Figure 3 corresponds
to one cycle of the procedure to calculat& g (Section 4.4). Thus, we observe
that in the case of perfect modeKg = 0.

12
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Figure 2. Open loop response to di erent initial state conditions, T:j.
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Figure 3. Variation of the constant bound.

We emphasize that when the constraints are not satis ed the(l7) is not zero
and Kg is very high. This is illustrated in Figure 3 by the vertical cashed
lines. Here, the nonexistence of a feasible solution is ov@me by increasing
appropriately p to pursue the calculation ofK .

As discussed in Section 4.4, when the state and input weighgi matrices
are set such that (; ) = (1;0), asucient condition for robust stability
from (45) requiresKg < 1. This can be seen in Figures 2 and 3. FR.; <
34 C, the pro les showKg < 1 always. Under these conditions the system is
closed loop stable in the sense that the state converges t@tbrigin (set-point),
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Figure 4. Unstable regulator control response.

T, = 34 C. On the other hand, forT,.; > 34 C, the pro les of Kg increase
such that they tend to cross theline Kg = 1 as T,.; increases. Since (48)
provides a lower bound orK g it means the system can become closed loop
unstable under these plant/model mismatch conditions { e.g Figure 4 with
Ti = 37:5 C and U, = 400W=m?K. Remark that after t  72min the
manipulated variable is set by the controller at its lower Init.

On the other hand, with U,, = 500 W=m?K, the system is closed loop unstable
when T,; > 34 C. Again, from (48) this is consistent with the theory since
Kg > 1 for T, 39 C. Stable performance may still be observed even if
(45) is violated because this condition is onlgu cient . For instance, with
Un = 100 W=m?K the system is closed loop stable despit€g > 1. The same
result is observed folJ,, = 200W=m?K when T,.; 37 C.

In these casedJ, > U, thus the control solution is favorable to the plant;
i.e., the control system provides a cooling rate greater thathe one really
necessary. But forU,, = 400 and 500 W=m?K the cooling rate calculated
by the controller may not be su cient to cool down the reactor liquid and
therefore a temperature runaway may occur.
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6 Conclusions

We develop a strategy based on nonlinear programming semgtly that de-
termines conditions under which the constrained model predive control is
robustly stable with respect to modeling errors. Here, a swcient condition
for robust stability is derived and an o ine procedure is deeloped to evaluate
constants which determine su cient conditions for this prgerty. These con-
stants are available from bounds on the model mismatch andoim the NLP
solution of the receding horizon model. This procedure is plicable to both
linear and nonlinear model predictive controllers in dis@te time that satisfy
nominal stability properties based on Lyapunov arguments.
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A Derivation of a bound on the mismatch term for stability

To derive a bound on the mismatch term for stability as in the nconstrained
case study by Santos and Biegler [2], consider the a ne appxonation to (35)
for variations of 5 3

- gxi+1g
Si+1
such that the optimality conditions of both the problemsP (i+1) and P (i+1)
are satis ed. It follows that
2 3
Zlgr Xi+1 ZT rs (Xiwr) rsZT rg (Xie1) g

dd =0; (Al
0 [ xivt C(Xis1Siu1) I sC(Xi+1}Sis1) 3
with 2 3 2 3
Xi X Xi
=87+ 4 and d=§"T7 T
Si+1 Si+1 Si+1
0 < < 1. To simplify the notation we set = (Xj+1) and ¢ =
C(Xi+1;Sj+1 ) Solving in order tos;,; S;,; gives
2 3 |
Zagr ZTr +Z7r 1
S S SS
Sis1  Siy = 3 £ d
0 rsc =
2
Zar o ZTr +Z7r oy,
g xmT e L d (X1 X)) (A2)
0 r Xi+1 C tE

The solution vectors;,; sS;,; is well de ned and unique and the integral
matrix is nonsingular in a neighborhood of the optimal solubn, as long as
P (xi+1) has a strong local minimum andr ¢ has full row rank [10].
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Consider positive constants ;Bg;Bx 2 [0;1 ), BsBx  , such that

, 2 3 |
16l $ZTrg +2Z7r !
g = 3 = £ 4 Bs; (A.3)
0 rsC =
2 3
z 12r Xi+1ZT r« +2Z'r SXis1 52) q 5. - (A4)
X- .

0 r Xij+1 c b=
Substituting in (A.2) and taking the norm leads to

Si+1 Si+1 Bs Bx kXi+1 Xi+1k

A.5
kXi+1 Xi+lk: ( )
Foralli,i 0O,k i, we seta bound on the mismatch array;.y, de ned
in (32), such that
klli+ kk Si+1 Si+1 : (A6)
Moreover, from (4) it follows that
KXiz1  Xisa K= fi(Xi;u i(Xi; U
1 1 ( ) ( ) (A7)

W, kxik :

Finally, combining (A.5 { A.7) with (33) leads to the su cien t stability con-
dition (36).

B Quadratic function and nite horizon

To obtain the analytical form of the integral term in (36) we ecall the smooth-
ing function (30) applied to every element of (17). Therefay, for a scalarx,

h(x; ; )= xPq+  h(x; )+ b(x )
x2q + 5 | hy(x)2+ 2+ h,(x)+ | b (x)2+ 2+ h(x) ;

and, from (8) and (9), by(x) = x xy, and b (x) = x + x_. Taking the
derivative of h(x; ; ) with respect to x leads to

2
d .. \_ . h(x) _ h(x)
&h(x,, )= 2 X0 + 5 44 YO g ()7 2
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Finally, replacing x by x + " and integrating between 0 and 1 gives:

frdp
0&h(x+ - .).d . q
=20 X+§ +q2" (x+" xU)2+q2 (X Xxy)2+ 2
FOx TEXPE 2 (X x)PE 2
S2q x+ o b m OOFTPE 2 B0 2
£ @00 Vr 2 RpT 2
=2 x+% + (" ) (B.1)

From the comparison with the unconstrained case [2] this alydical form has
an additional term which is a nonlinear function ofx, " and , denoted by
r(x;"; ). Itis straightforward to obtain (38) from (B.1) using the augmented
arrays de nitions in (32).
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